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Abstract

In this paper, we prove a conjecture of Chan and Chua for the number of representa-
tions of integers as sums of 8s integral squares. The proof uses a theorem of Imamoglu
and Kohnen and the double shuffle relations satisfied by the double Eisenstein series
of level 2.

1 Introduction

For positive integers s and n, let r4(n) (resp. ts(n)) denote the number of representations of
n as a sum of s integral squares (resp. triangular numbers).

ro(n) = t{(x1,22,...,25) €Z° | 23 + 25 + -+ 2> =n},
ts(n) == (w1, 22,...,25) € Zig | wi(21 +1)/2 + wo(22 +1)/2+ - + 25(2s +1)/2 = n}.

Extensive studies on 75(n) and t5(n) have been carried out since the times of Fermat, Euler,
and Lagrange (see [3, 6]).

Recently, Milne [12, 13, 14] found, then Ono [15], and Rosengren [16], reproved the explicit
formulas for r4.2(n) and r4.2 1 45(n). Kac and Wakimoto [9] found other more complicated, but
not as explicit formulas for rye(n) and rye 4.(n). They also conjectured in [9] the explicit
formulas for t4,2(n) and t4.2,45(n), as well as a more general formula. Milne [12, 13, 14],
then Zagier [18], and Rosengren [17], proved the Kac-Wakimoto conjectured formulas for
tys2(n) and tye, 45(n), and Zagier [18] independently proved the more general Kac-Wakimoto
conjecture. In the current paper, we prove new explicit formulas for rg4(n) and tgs(n) (s > 2)
which were conjectured by Chan and Chua [1] (see also [8, Remark p.820] and |2, 4, 11]).

For integers k£ > 0 and n > 1, we define

o*(n) = Y (~1)%d* and of(n) = >  d*
= (e

and set 03°(0) = (1 — 2871) By 1/2(k + 1) (By : Bernoulli number). We also define

—_

n—

g2 (n) = 3 02 (m)o(n —m) and ), (n) = 3 0%(m)o?(n — m).
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Theorem 1. For any positive integers n and s > 2, there exist unique rational numbers
wus(l) (1=2,3,...,5) such that

5—2\ o
res(n) = (-1 48_2,Zus (5 2 7) )

and

4s — 2
tgs(n) = s —2)! Z s (1 ( )P(Q)Z—1,4s—21—1(n +s).

The first several values of ju4(l) are given in the following table.

pl) 1=2 1=3 =4 =5 1=6

s=2 36

s=3 420 —200

s=4 3168  —3600 1764

s=5 21060 —30810 36860 —19116

s=6 49605048 __ 77902500 15741540 _ 139785750 74727180
343 343 49 343 343

For the proof of Theorem 1, we use the theory of modular forms on the congruence

subgroup To(2) — {( .« ) € S1a(Z)

half-plane, and

¢=0 (mod 2)} Let 7 be a variable on the upper

- an2

neZ
and
T(T) — q1/8 an(nJrl)/Q

n>0

be the standard theta functions (¢ = e%ﬁT). Then we have, for each positive integer s,
0(1)° = Yo 7s(n)g™ and T(7)* = ¢° 3", - tss(n)q", and it is well known that the function
6(7)* is a modular form of weight s/2 and level 4 and the function T'(7)% is a modular form
of weight 4s and level 2. The two forms 6(7)% and T'(7)% are related with each other by the
transformation formula

1 8s
285527 + 1)74T (27 - 1) = (7).

Let G2(7) and G5°(7) be the Eisenstein series of weight & on T'g(2) for the cusps 0 and oo (the
precise definitions will be recalled in section 2), respectively. Then Theorem 1 is equivalent
to the following theorem.

Theorem 2. For any positive integer s > 2, there exist unique rational numbers py(l) (I =
2,3,...,8) such that

1
= 2882/% o (T+ )G4s u(T+ 2) (1)



and

Zﬂs )G (1) G (7). (2)

In [8], Imamoglu and Kohnen proved a similar result stating that 7'(7) can be expressed
as Q-linear combinations of G9(7)G_o(7) (I = 2,3,...,25 — 2) and GY,(7) (but the ex-
pression is not unique). They proved this by showing that the set {G%,(7)G32_4(7) (I =
2,3,...,25—2)} generates the space of cusp forms of weight 4s on I'y(2), using the Rankin—
Selberg method and the Eichler-Shimura theory identifying spaces of cusp forms with spaces
of periods. We use this result of Imamoglu and Kohnen and ‘double Eisenstein series’ to
prove the following theorem, from which Theorem 2 follows.

Theorem 3. For each positive even integer k > 4, the set

{GR(7), Go(T)GR_y(7) (2 <1< [k/4])}

is a basis of the space Q- GY(1) @ S,(?(Q), where 59(2) is the Q-vector space spanned by cusp
forms of weight k on T'g(2) with rational Fourier coefficients.

In section 2, we will give the proofs of Theorems 2 and 1 assuming Theorem 3. Section 3,
which contains a review of the formal double zeta space and the double Eisenstein series, is
devoted to the proof of Theorem 3. There we need the double shuffle relations of our newly
defined double Eisenstein series whose proof is given in the last section.

2 Proofs of Theorems 1 and 2

In this section, we prove Theorems 1 and 2 assuming Theorem 3. We denote by ev (resp.
od) the set of even integers (resp. odd integers). Let

.1 1
G(m) = 2(2m/—1)k Z (mT +n)k

méeev,neod

and
. 1 1
Gi(r) = (27r\/_) meg,nez (mT +n)k

be the Eisenstein series of weight k& on I'g(2) for the cusps oo and 0, respectively. For k& > 2
these series are absolutely convergent, and they have the following Fourier expansions.

G = <1—2k>f,§ T X T = ey e ()

n>0 n>0

A0 = =g T (4)

n>0

Recall that the Q-vector space of modular forms of weight k£ on I'(2) with rational Fourier
coefficients is equal to the space Q - G @ Q - G° @ S2(2). For each positive integer s, the
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modular form T'(7)3* is an element of the space Q- G9,(7) ® SE.(2) because ord,T(7)% > 0,
where ord., f(7) is the vanishing order of f(7) at the cusp oo (¢ = 0). Then, assuming
Theorem 3, there exist unique rational numbers «, us(l) (I =2,3,...,s) such that

T<T> = aGZs + ZMS G 4s 21( )
Since ord, T(7)% = s > 2,0rdo G, (7) = 1 and ordGY(7)GY, _o(7) =2 (2 <1 < 5), we

find that a = 0. Thus, we have the assertion (2) of Theorem 2. On the other hand, from
the transformation formulas

—1 1
283(27_)—45T(_)85 — 9(7_ + _)85 (S Z 1)
2T 2
and
(27')kG2(;—1) =GX(1) (k>4:even),
T
we have
1 8s 8s —4s 1 8s
O(1+ =) =2%127) T (——)
2 2T

S —4s - 1 1
= 22r) 7 Y i (G (5 ) G ()

1=2
= 2% (G5 (1) Ge_y(7).
1=2

Hence, we have the formula (1) by letting 7 — 7+ 1/2. This completes the proof of Theorem
2. Consequently, we have

7% =" tai(n)g

- Z (Z 1 Z o9-1( 045 a_1(n — m)) q"
4s — 0 .
45 —2) (45— 2)! Zo (Z ( )p2l—1,4s—21—1(n>> q

and

)% = Z r3s(n)q

n>0
— 98s Z(_l)n ZS: Ns(l) Zn: Ugf 1(m)a§f° ” 1<n . m) "
245(20 — 1)!(4s — 21 — 1)! - 52—
nz0 = m=0
2% 4s — 2\ .
N (45 —2)! = Z (Z ps (! ( )021—1,43_21_1(71)) q,
which give Theorem 1 by comparing the coefficients of ¢". ]
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3 The double Eisenstein series and the proof of Theo-
rem 3

Let Gi(7) be the Eisenstein series on SLy(Z) (we will give the definition below). We first
give a brief exposition of the strategy of our proof. We assume k > 4 is even. We want to
find Q-linear relations expressing G9,(7)G5° o, (7) (2 < 1 < k/2—2), which are the Imamoglu-
Kohnen generators of S2(2), as sums of GO(7) and G9,(7)G9_,(7) (2 <1 < [k/4]). Since it
holds
Go(T)GRl () = 27H2((2M = 1) G () G (27) — G(T) G (7))

for | =2,3,...,k/2—2 (we will show this below), we will show that all G3,(7)G}_9(27) (2 <
| < k/2 —2) can be expressed as sums of G(7) and G%(7)G?_5(7) (2 <1 < [k/4]). Then,
since dim S2(2) = [k/4] — 1, we find that the set {G(7), GY(T)GO o (7) | 2 < 1 < [k/4]}
forms a basis of the space Q - GY(7) ® S2(2).

Such relations are obtained by using the same method of the previous work of Kaneko and
the author [10] (in the proof of Theorem 5 of [10] they proved that all G3,(7)G5° (1) (2 <
[ < k/2—2) can be written as Q-linear combinations of G3°(7) and G (7)G° 4(7) (2 <1 <
[k/4])). Now we mention a basic idea inspired by [5]. For seeking the relations among such
modular forms, we consider the decomposition of two products of the Eisenstein series into
two expressions as sums of certain g-series which we call double Eisenstein series. (For the
original version we refer the reader to [5, Section 7].) In order to do this, we consider the

1nct i()ll
Z k
(m7 + n) ’

m7+n>0
m,nel

where the inequality m7 +n > 0 means m > 0 or m = 0,n > 0. When k is even and
k > 4, this is just the half of the usual Eisenstein series of weight k on SLy(Z), and when
k is odd> 3, this defines a non-zero periodic function. By the definition, for £ > 2, usual
computations show that

LI 1 (—2rv=1)* n

m7+n>=0
m,neZ nez

where oy _1(n) = >, d*~!. We can obtain the following decomposition of product, and the
double Eisenstein series appears on the right-hand side:

1 1
2 Ty, 2 Gy

m1+n>0 m/T4+n’>=0
mznGZ m’,n/GZ

1
Z + Z + Z (mT 4+ n)"(m'T +n')s’

mr+n=m/T+n’ =0 m/7+n’=mr+n>=0 mrH+n=m'7+n’>0
mmn,m’ ,n'€Z m,n,m’ n'€Z m,n,m’ n'€Z

where m7 +n > m/T +n’ means (m —m/)7 + (n —n’) = 0. This decomposition is usually
called the harmonic (or stuffle) product. Another decomposition, which is called the shuffle
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product, is obtained by putting X = m7+n,Y = m/T+n’ and summing all positive elements
on Zt + Z for the following partial fraction decomposition (see [5, eq. (19)])

1 (1) (1)
v T 2 ((X Y)Y (X1 Y)iXa‘) '

i+j=r+s
1,521

These two expansions of two products of the Eisenstein series give Q-linear relations among
double Eisenstein series, which we call double shuffle relations. (In the study of multiple zeta
values, the double shuffle relations are very important (see [7]).) Considering combinations
of the double shuffie relations of double Eisenstein series, we can obtain non-trivial relations
among modular forms. For example, combining the double shuffle relations of weight 12, we

have
84G4(T)Gs(T) + 50G¢(7)* = 143G15(T).

Here we note that the double shuffle relations as mentioned above apparently hold only in
the case r,s > 2, where the defining series are absolutely convergent. But it is known that
these relations can be extended to all integer r,s > 1 with (r,s) # (1,1) by extending the
definition of the double Eisenstein series as Fourier series adding a certain correction term
€rs(7)" , which is 0 for » > 3 and s > 2. (We carry out this extension in Proposition 6 and
then Definition 7.)
Now we state our double shuffle relations. We define the holomolphic function G (7) on
the upper half-plane by

= (D!

S oia(mg (k> 1),

where ((k) = (2mv/—=1)7*¢(k) (k >2) or 0 (k =1). For k > 1, we let

G (r) = Gi(27) — 275G (), (5)
Gi(T) = Gi() — Gi(27), (6)

which coincide with (3) and (4) when k > 4 is even. The series Gy (1) and G}(7) are the
Fourier series of

1 1
O = Gy 2 G "

m,ne”L

0(\ _ 1 1
Gulr) = (2my/—1)k m7‘—|—zn>—0 (m7 +n)k’ (®)

meod,n€eZ

and

respectively, when k& > 2. For positive integers r and s, we put

a2 GO(r)
PSS(r) = GUR)GA(2r) +8,, 7200 15,900 )

and GO / GO /
Po2(r) = GG + 0,52 4 6,50 (10)



where the differential operator ’ means ¢ - d/dq and 6, s is the Kronecker delta. It can be
shown that both P2¢(7) and P22(7) are modular forms on I'g(2) when both r and s are even
greater than 1. For the harmonic and the shuffle product of each PP¢(7) and P22(7), the
following double Eisenstein series are needed:

1 1 1 1
Zif(T) = ——— Z s Zp(T) = Fo—=rs Z e
(2ry=T)+s A= Vi (2ry/=T)r+s A= N
Aeev-T+Z A€od-T+Z
peod- 747 pneev-t+7

1 1
Z3UT) = = (11)
20 G o,
Aeod-T+Z
,u,godq-iZ

for » > 3 and s > 2, which ensure the absolute convergence of the defining series (11). In
Section 4, we extend the definition of the double Eisenstein series in (11) to all integers
r,s > 1 as g-series, which by Proposition 6, are the Fourier expansions of (11) for » > 3 and
s > 2. We then prove the following double shuffle relations:

Proposition 4. For positive even integer k and all integers r,s > 1 with r +s =k, one has

Poe(r) = 285(r) + 22(r) = 3 (::ng;(TH 3 <i:i>zg;’<r), (12)

= = S
i+j=k i+j=k
i,>1 1,521
foYe) oo oo 0 1—1 1 —1 eo
Peeie) = 2220 + 2370 + G = 3 (((2)+(2)zme. s
3,j>1

Note that from expressions (7), (8) and (11), and using the harmonic and the shuffle
product, we can verify Proposition 4 for r,s > 3. The point is to extend these to the case of
non-absolute convergence.

Assuming Proposition 4, we prove Theorem 3 using a theorem of Kaneko and the author
[10, Theorem 1]. To state Theorem 1 of [10], we define the formal double zeta space for
level 2 as the Q-vector space generated by formal variables Z7¢, Z2¢, Z2C, P2¢, P29 (r+s=
k,r,s > 1) and Z? with relations

Prozmeze= Y (1 ))me X (D)) 2

i+j=k i+j=k
3,721 4,521
POO_ZOO+ZOO+ZO—Z =1 + 1—1 7€ (14)
r,s — “rs s,T k_- : r—1 s—1 5,5 "
i+j=k
3,521

We denote this space by Dy. Note that from Proposition 4, there is the surjection map from
Dy, to the space spanned by the double Eisenstein series of weight (= r + s) k which sends
each generator as follows:

Pps = PRS(T), P2 v PR2(1), Z3 v Gi(7),
Zyg e ZpT), 275 e Z23(T), 428w Z20(T). (15)
For the space Dy, they showed



Theorem 5. ([10, Theorem 1]) Suppose k is even and k > 4. In Dy, we have

1)

1
S Zn. =% (16)
r=2
reven
2) Each P2, withr even can be written as a Q-linear combination of P2 (i,j : even, i+
j=k) and Zp.

Using the first equality of (14) and (16), we have

[k/4]
(L+4-[k/A)Z2 =2 (2= 0riya) PSS o

r=1

where 0; ; is the Kronecker delta. This implies that Py7_, can be written as Q-linear combi-
nations of P39 ,. (2 <7 < [k/4]) and Z¢. Therefore the Q-vector subspace of D, spanned
by PP¢, Poo (r,s - even) and Zp with r + s = k is generated by Py, (2 <r < [k/4]) and

r,sotors

Zp. Summarizing, for even k > 4, Theorem 5 says that
(Pyth—om Potgor ZR | L <7 < K[2 =)o = (P35 o, 25 | 2 <7 < [k/4])g- (17)

Finally, we prove Theorem 3.
Proof. By (5) and (6), one has

G?(T)G?O(T) =27°((2° - l)Pﬁf(T) — PTO;)(T)) (r,s > 4, which implies 0,2 = 652 = 0). (18)
As mentioned in section 1, the products G3,(7)G5° (1) (I = 2,3, ..., k/2—2) generate S(2).
Therefore, by (17), (18) and (15), the space spanned by P3% _,.(7) (2 < r < [k/4]) and G)(7)
contains Q - GY(7) @ SZ(2). The number of generators of the space (P90 0, (1), GR(T) | 2 <
r < [k/4])g is equal to [k/4], and hence we have

(Poar (1), GUT) | 2 <7 < [k/4))g = Q- GR(T) ® S(2).

This completes the proof of Theorem 3. O]

Remark. The fact that the Fricke involution Wy = (% §) transforms G9(7) into G5°(7)
reduces Theorem 3 to the previous result of M. Kaneko and the author [10, Theorem 5 (2)].
(This remark was given by Dr. Shuji Yamamoto and Dr. Toshiyuki Kikuta, and the author
would like to thank them for useful comments. ) However, we think the double shuffle
relations in the present case are of independent interest, we adapt our original proof here.

4 Double Eisenstein series and double shuffle relations

In this section, we give an extended definition of the double Eisenstein series and prove their
double shuffle relations (Proposition 4). Since the double Eisenstein series defined by (11) is
invariant under the translation 7 — 7+ 1, we first compute the Fourier expansion of (11) for
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r > 3 and s > 2. Starting with these identities, and adding a suitable correction term, we
extend the definition of the double Eisenstein series in (11) to all integers r, s > 1 as g-series.
To describe the Fourier expansions, we use the power series ¢ (7) in Q|[g]] defined by

er(7) (k= 1).

Proposition 6. For any integers r > 3 and s > 2, we have

Zf,?(T) = Z pr(mT)ps(m'T),

m>m'>0
me€ev,m’€od

Ze(r) = > gmr)e(m'T) +C(s) Y pn(mr),

m>m/>0 méeodxg
me€od,m’cev

ZX(r) = Y prmr)py(m'T)

m>m/>0
meod,m’cod

+ > ( (S_DJr(—l)””(f:i))Z(p) > on(mn).

p-iz—)/fhgl—&-s meodso
Proof. We first recall the Lipschitz formula
A
]\}eréo HE_:N L + (=21 1) ; q" = —mi + 21V~ 11 (1),

ZZ( 1 :(_27\/—_1)TZ rlu_<27r\/_) @r() (7"22)

R VAP

We can divide the summation in the defining series (11) into four terms, corresponding to
m=m'=0, m>m'=0, m=m'>0, and m > m’ > 0, where the first term is zero for
the cases 79, Z2¢, and Z2¢ (for convenience, we sometimes drop the variable 7). We only

prove the identity involving Z2¢. In this case, we obtain

0o 1
Zrs = (271\/_ 7"+S< Z Z > (m7 +n)"(m/'T +n')s

m=m >0 m>m >0

n>n m,m’cod
m,m’€od n,n'€Z
n,n'€Z

The second term is easily seen to be

Z or(m7)eps (m/T)'

m>m’>0
m,m’€od



For the calculation of the first term, we need the partial fraction decomposition

G n)r1<T Ty Y S (S o 1) G —i—ln) o _i,w

1=0

s—1
T+]—1> 1 1
+ ( — —. (19)
]:0 (T+n)s (n—n')+

Let h =n —n'. Then h is a positive integer. Using (19), the first term can be calculated as

1 1 X
(27T— \/_1>T+S Z>0 (mT + n)T(m/T —+ nl) (277'\/_ r+s €odsg > m’/' + TL) (mT + TL)
Ty meodso n>n’
m,m’goil?n,n’ez n,n' €7

r—1
) s+i—1 1 1
(Qﬂ- /__ r+s Z Z { — ( > mT + n)r—i hs+i

méeodsg NEZ %

h€Z>0
s—1 .
frta-1 1 1
+ JZO( 1 ( Jj (mT+mn—h)s=3 hrti
r—1 .
A st (2ry/~1) (2my/—1)~"+
_(_1) Z( 7 ) Z hs—H Z Z m7+nr 7
1=0 h€Z~q méeodsg n€Z
s—1 .
(r+j—1 (27T\/_ (2my/—1)75
+. (_1)]< ] ) Z h?”+] Z Z mT—f-TL— sy
7=0 h€Z>0 méeodsg neZ
r—2
s s+1—1\~
=(-1) < . )C(s + 1) Z ©r—i(mT)
=0 méeodsg
s—2 .
r+j—1\~
+ X (TN ) )
§=0 J meodso
-1 —1\) ~
- > e (P2)ser (P2 e X e,
P;{l}g‘rs meodsg

The cancellation of the terms for ¢+ = r — 1 and j = s — 1 in the third equality can be
justified by computing Cauchy principal values. The final equality is obtained by setting
s+1=p,r—1i=hin the first term and r + j = p, s — 7 = h in the second. This completes
the proof for Z°9, the verification of the other cases being left to the reader. ]

7,87

For a positive integer r» and non-negative integer s, we put

)= eulmr), f21)= Y er(mr),

meodso meevso
S mpaa(mr), For) == 3 mpa(mr).
méeodsg meevsg
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Since the functions G}, and Gg (k > 1) can be written in the forms

klum

Gi(T) = (k) + (=1 Zuk L and  GY(1)

l
( u>0 u>0
m>0 méeodxg

respectively, one finds

GUr) = [R(7), G(27) = ((k) + [3(7), GR(r) = k[i(7), Gi(27) = ki (7).

Then, for r,s > 1, the functions P2g(7) and P2¢(7) defined in (9), (10) can be written in
the forms

PES(r) = F2()(Es) + ) + 3 (0:T2(r) + 8:2T5(7)),
PE(r) = R F) + 4 0:T2 1) + 6.5T (7))

To extend the definition of the double Eisenstein series Z79, Z2¢, and Z2? in (11) to

7,87 7,87
any positive integers r and s, we need the correction terms 59 ( ) 8;?;(7’) and £29(7). This

is necessary because we require the extended double Eisenstein series to satisfy the double
shuffle relations (see [5, 10]). We set

er2(7) = 8o J (1) = 0,a [y (7) + S5 fr_a(7) + Grad e,
e22(7) = 02 f () = 6t fers(7) + 8ua f_1(7) + 0180,
ep2(r) = br2f (1) — (T)+551(f° 1((7) +2f2(7)) + 0rads s,

where oy = —ay = fy(7) and a3 = 2?8(7) + fo (7).

Definition 7. For positive integers r and s, we now define

72 = Y pumr)es(m'n) + 222 (r),

4 r,s
m>m'>0
me€ev,m’cod

ZER = Y edlmrhemn) + L) [2(7) + 225,

m>m/>0
mécod,m’cev

ZS,?(T> = Z or(m7)ips(m'T)

m>m’>0
meod,m’cod

b X (o (P) e (P2))) s + e

p+h=r+s
p,h>1

We now prove Proposition 4.

Proof. Let k =1+ s. The proof will be divided into two steps. We first prove the equalities
of the imaginary parts in Proposition 4. The only imaginary parts that appear come from
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the constant terms C(s) of G4(27) (s : odd), {(s) in Z2¢(7) (s : odd) or {(p) (p : 0dd) in
Z22(7). In (13), no imaginary part appears since those of Z22(7) + Z22(7) cancels. To prove
the equalities of the imaginary parts of (12), we consider the generating functions as follows:

ZPO(X,Y):= Y Tm ZXX"'Y*!

r+s=k
r,s>1

o ( (s—i)“—l)”r(f :1))Z<p>fﬁ<7>xr—1ys—l

r+s=k p+h=~k
s>l ph>1
p:odd

= Y (XYY - X ) (),
p+h=~k
’;’-’édzj

Zoe X Y Z Im ZoeXr 1ys 1_ Z C fo Xr lys 1
r+s=k r+s=k

r,s>1 r,s>1
s:odd

We note that the imaginary part of the R.H.S. of (12) is the coefficient of X"~ 'Y*~! of
Z°(X+Y,Y)+ Z°(X 4+ Y, X). Since we have

Z(X + YY)+ Z2°(X + Y, X)
= D CEOE Y)Y R Y (X (X Y)Y (YT IC) ()

r+s=k r+s=k
r,s>1 r,s>1
s:odd s:odd

=) (X Y)Y (X = (X Y)Y () £2(7)
r+s=k
et

=Y @)Xy
r+s=k
r,s>1
s:odd
the assertion follows. Secondly, we prove the equalities of the real parts in Proposition 4.

Again we use generating functions. Define

)= ) edmremT), ()= Y p(mr)ey(m'T),

m>m’>0 m>m’>0
me€ev,m’cod me€od,m’cev

fRmy = Y0 emr)pg(m'n),

m>m’>0
m&€od,m’cod

2= X (o (P2 o (P0) s,

p+h=r+s
p,h>1

12



where 8, = —B,/2p!(= C(p),p : even). Consider

Z°(X) =Y GIX" oy X =) X +as X,

r>1 r>1
1
Zeo X Y Z Re Zﬁ‘s’X?‘_lYS—l = Z( ( )+ 4552( ))Xr—lys—l’
r,s>1 r,s>1
1
Z°%(X,Y) 1= Y Re ZReX Y 7t = 3 (f02(r) + BufR(r) + 7e0a(n) ) XY
r,5>1 r,s>1
1
Z°°(X,Y) Z Re Z;?";’XT”YS*1 = Z( °0(r) 4 522(7) + 1522( ))Xr lys—1,
r,s>1 r,s>1
Pe(X,Y) = ) Re (f n)(@s) + £ + 10Tl >+5327;’(T))) Xyl
r,s>1

PR i= 3 Re (J20f2(0) + J(0raT3(0) + 8T () ) XY

r,s>1

BOO(X, Y) _ Z zg(T)Xr_lys_l

r,s>1
o o sp_l +r p_l r—1ly s—1
=S ann X (o (P2 e (PD)))xy
p,h>1 r+s=p+h
= > BfOX —YPI YT = XM = B - Y)(fO(Y) — fo(X)), (20)
p,h>1
where oy = —a3/2. Then, it is sufficient to prove that
PY(X)Y)=2°X,)Y)+ Z°(Y,X)=2Z°°(X+Y,)Y)+ Z°°(X + Y, X), (21)
Z°(X) —ZzZ°(Y
P°(X,Y)=2Z°(X,Y)+ Z°°(Y, X) + ( )2_ v ¥) =Z7°X+Y,Y)+ Z°(X +Y, X).

(22)

Now we check the equalities in (21) and (22). Write v(X) and (X, Y) for the generating
functions 35,0 %X " and 37 o) 9 XY T associated with sequences {7y;} and {7}
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indexed by one and two integers, respectively. Then we have

k>1

=> fo(7)

k>1

=> frr

k>1

=> fil7)

k>1

1/1 1
— Xk—lz_ el
b 2<X eX—1>’

Xk 1 _Ze—ux q" ’
u>0 1- q2u
Xk 1 o Ze—uX q2u
u>0 1- q2u
pe1 A —ux 2¢" o -0
W= 5 (E e s+ 0 - T ).
u>0

= S ReIx =

E>1 >0

1 —uX 2q2u
X (Z € (1— ¢2v)2

q*)

- 73(7_)> )

feo()(7 Y) _ Z f;ag Xr 1ys 1 _ Z equ vY Z qum+vm’
r,s>1 u,v>0 mg:;%?e%d
—u . qu unr'u
—UUZ>O . Yl_q2u1—q(“+”)
oe X Y oe Xr lys 1 —uX—vY qu q2(u+v)
! 7“;1 ralr uvz>0 ’ 1 — g2 1 — g?lutv)’
00 00 r—1y s—1 —uX—vY q2u qu—H)
FeoX,Y) Tglfm XY g;oe Ry T
eCX,Y) =X (Y) =Y (Y) = fo(r) + X[ (X) + fo(r) + on,
e°(X,Y) = XF(Y) =Y (V)= folr) + XF(X) + fo(r) + 0o,
(X, Y)=XT(YV) =Y (V) + X[(X) +2f°(X) + as.
By the definitions (20), we find
Z°(X) = fo(X) +au- X,
Z°°(X,Y) = f(X.Y) + (=°(X,Y),
Z°9(X,Y) = foXY) + fAX)BY) + 72X Y),
Z°°(X,Y) = f°(X,Y) + B°(X,Y) + zllg°°<x, Y),
PO(X,Y) = X fE(Y) + PR + (KT 4 V().
P(X,Y) = OO + (KT +YT(X))
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For the first equality in (22), we compute

JXY) + [0V, X)
2v u~+v

_ Z —uX—vY 2u + q q
1 — q2u 1— q2v 1— q2(u+v)

u,v>0

v

_ Z e uX—vY q" q _ qu—i-v
1 — q2u 1— q2v 1 — q2(u+v)

u,v>0
= PP - Y e )
w>u>0
w v _ 1— (Y—-X)(w-1)
= FOOF M) =3 e ™ (ey i )
€Y eX
= [o(X) oY) + mfo(y) - mfo(X)
= PEOLW) = G+ 200) - gooth (55 ) (200 - (V)

BXY) + B2V, X) = (B(Y — X) = B(X = Y))(f°(X) — f°(Y))
L)), 2c0th(X Y) (o(X) = fo(Y)),
(X, Y) + (Y, X) = X (Y)+ Y (X)+2f°(X) + 2f°(Y) + 2a.

Combining these with (Z°(X) — Z°(Y))/(X —Y), we have
A Z°

°(X) —
XY

= ) - §<f°<X> +£2(0) = yconh
) - )
X-Y

Z°°(X,Y) + Z°°(Y, X) + &)

X-Y

) (Fo(X) - fo(Y))

o L oth <X - Y) (f°(X) = fo(Y))
+ % (X Y)+YFO(X) +2f°(X) + 2f°(Y) +2a3) + fo();):{;(y) + ay
= PO + (KT +YT(X))
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For the second equality of (22), we proceed as follows:

X +Y, X))+ (X +Y)Y)

U+v

(utv) X —uY —uX—(utv)Y qu q
= UUZ>O +v) +e " ) 1 — q2u 1 — q2(u+v)
X ew qu qw

w>u>0 u>w>0

w

- (Z a Z >6_ux_wyl_qq2u1_qq2w

w,u>0 w=u>0

. o 0 7u(X+Y 2u
= [Xf) = e
q2u)2

= ) — S Folr) - 1<X VXY,
e°(X +Y,X) + ge°(X +Y, Y)
=YX+ X)) +2X +Y) (X +Y) +2(ar — fo(7) + fo(7)).

Summing these up, we have

Zeo

—~

X+Y,Y)+ Z°(X +Y,X)
*(X)fY) ~ 5 Tolr) — (X +VIF(X +Y)

+ 7 (YPX) + XP0) +20X + V) (X +Y) + 21 = Fo(7) + o(r))

(X)) + (X () +YT(X).

~ mwkﬁ

For the first equality of (21), we compute

fXY) + (Y, X)

v

— Y e (4 gt gt
1 — q2v 1— q2u 1— q2(u+v)

u,v>0

B Cux—y 444 o/ v pe
=) e Yl_q%l_q%—f( )fe(Y),

u,v>0

(X, Y) 4+, X) =X (V) +YF(X)+ o + o,

to obtain

ZO(X,Y) 4 Z(Y,X) = f(X) )+ fX)BY) + [ (XF(Y) + YFo(X).
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Finally, for the second equality of (21), we similarly compute
X +YY)+ X +Y,X)

= < Z + Z )e—uX—vY qu q2w
1 — q2u 1 — q2w

w>u>0 u>w>0

_ (Z -y )euxvy “ ¢
1_q2u1_q2w

w,u>0 u=w>0

3u

= fX)foY) = Y e A

_ A2u)2
—~ (1 —q*)

= foX)fe(Y) — ZG_U(X+Y) ((1 _q;2u)2 1 _qquu)

u>0

= PO 5 (XX HY) = XY+ To(n)) = X +7)

= PEOSY) = X +Y) = S(X + V)T (X +Y) = 5Tol),
FoXHY)BY) + (X + Y, X) = 2(X)B(Y),

°(X +Y,Y) +e%°(X + Y, X)
— X+ YT (X)) +2 X+ V)P (X +Y)+2f2X +Y) = Fo(r) + fo(T) + a3 + oo,
which give
Z°°(X +Y,Y) + Z°°(X +Y, X)

= PEOSY) = X +Y) = 5(X +V)T(X +Y) = 5Tolr) + 0B+
(XT°0) + YT (X) +2(X + V)T (X +Y) +2/°(X +Y) = Jo(r) + T5(7) + a5 + a2)
= PO+ OB + (XT°) +YT(X),

and we are done.

o
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